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Abstract 

We prove an extension to the classical continuity theorem in rough paths (Theo- 
rem 2.2.2 in [10] ). We show that two p-rough paths are close in all levels of iterated 
integrals provided the first \_p\ terms are close in a uniform sense. Applications 
include estimation of the difference of the signatures of two uniformly close paths 
([121) and convergence rates of Gaussian rough paths (|13j). 

ON 

p4 : 1 Introduction 

r?l- 1.1 Motivation 



The classical continuity theorem in rough paths (Theorem 2.2.2 in [TU]) states that 
if X and Y are two p-rough paths whose p-variation are both controlled by ui and 
such that 



yk -irk 
■A-s.t 1 s.t 



<z^Mr> * = V-,LpJ, W 



then (HJ) holds for all n > 1. The proof is by an induction argument, which depends 
on the value of the exponent on the control, namely ^. Although it is powerful in 
many places, there are certain problems for which we need a more convenient (and 
weaker) assumption. More precisely, we assume 

k-S 

L 

where 5 £ [0, 1]. We wish to study whether similar estimates hold for n > \p\. It 
is easy to see that the classical assumption ([1]) corresponds to 5 = 0. 

Such estimates are useful in a number of problems. For example, consider the 
following two linear differential equations 

dx t = Axtdqt, %o = a, (3) 

and 

dy t = Ax t d% Vo = a, (4) 
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where 7, 7 : [0, 1] — > M. d are two paths of bounded variations whose lengths are both 
controlled by to. Suppose further that 

sup |7 t - 7t| < e, (5) 
te[o,i] 

and one wishes to estimate the difference of the solution flow \xt — yt\- This question 
involves estimating the differences between all higher degrees of iterated integrals 
of 7 and 7, which are called signatures (we will give a precise definition in the next 
section). If we let X and Y to be the signatures of 7 and 7, then assumption ([5]) 
can be written as 

\\Xl t -Y s \ t \\<2e = 2eu(s,t)°. 

We see that it falls in the assumption ([2]) with p = 1 and 5 = 1. We will come back 
to this question at the end of this paper. 

Our estimates also apply to obtaining the convergence rates of Gaussian rough 
paths. For details, we refer to the recent work |13j . 

Notation. In what follows, p will always be a number that is at least 1. We use 
[pj to denote the largest integer that does not exceed p, and let {p} = p — [p\ to 
be the fracal part of p. 



1.2 Main results 

Before stating our main result, let us explain briefly why the induction argument for 
the classical continuity theorem does not work directly here. As mentioned earlier, 
the induction argument depends on the exponent jj*. More precisely, the exponent 
for the level n + 1 = + 1 is expected to be 

M±i > 1. (6) 
P 

This ensures that when one repeats Young's trick of dropping points, the total sum 
will converge. However, this condition is not satisfied in our problem (J2|) unless 
5<1- {p}. 

To this point, one may wonder whether one can immediately get the estimate 
by raising the control to an appropriate power so that the new control satisfies 
assumption (pQ). Unfortunately this does not work, for there is no fixed power that 
one can do it in a homogeneous way for all k < \_p\. Furthermore, the new control 
will in general fail to be superadditive. 

The idea is that we will compute one more term by hand, namely the level 
[p\ +1. After obtaining the estimate for this term, the exponent on the control 
will satisfy condition ([6]), and we can use the usual induction argument for higher 
levels. 

Below is the main theorem of this paper. 

Theorem 1.1. Let p > 1, and {p} = p — \p\ be the fractional part of p. Let X,Y 
be two multiplicative functionals with finite p-variation which are both controlled by 
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oj with the same constant (3. That is to say: Vs,i £ [0, 1] and Vn = 1, • • • , \_p\, we 
have 



\Kt\\ < 



oj(s, t) P 

"Tip -5 



\yn II < U{s,t)p 
I Mil - 



(7) 



Suppose further that there exists an e < 1 such that Vk = 1, • ■ ■ , we have 



< e 



/3(f) 



where 5 € [0, 1]. Then, the fallowings hold for all (s,t) € A: 
1. If 5 € [0, 1 — {p}), and /3 satisfies 



1 l-M-,5 

/5>p/[l-(2) p ]. 



i/ien for all k > 1, we Ziat>e 



< e 



fc-S 

Lj(s,t) P 



,2. If 5 = 1 — {p}, and (3 satisfies 



Ap ■ 2" 



i-{p> 



1"(3) 



i-{p> ' 



t/ien /or aZZ Zc > + 1, we Ziaue 



< € 1 + 



k-l + {p} 
P 



1-W 62 ^-W)/V /3(f)! 



5. //p is non-integer, 8 € (1 — {p}, 1], ancZ /3 satisfies 

2 (2p+5)/p l 



(3>2p 



+ 



1 _ (i)(i-i+W)/p 1 - (I)(i-M)/f 
i/ien /or aZZ A; > \p\ + 1, we Ziowe 



-yk \rk 

A s,t 1 s,t 



k-l + S 

< e « 



/3( 



(8) 



(9) 



(10) 



(11) 



(12) 



(13) 



We see that the assumption becomes weaker as 5 increases from to 1. If 
5 < 1 — {p}, then there is no essential differnce with the classical theorem, and 
the rate e is maintained for all higher levels. If 5 > 1 — {p}. On the contrary, if 
5 > 1 — {p}, then we have a lost in the power of e in higher levels. In the borderline 
case where 5=1 — {p}, we get a logorithmic correction. 

Remark 1.2. The case p = 1 and 5 = 1 was studied in flty . and it was shown that 
the logarithmic correction can be removed in this situation. But the method there 
only works for p = 1, and does not generalize to other p's. 
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1.3 Structure of the paper 

This paper is organized as follows. In section 2, we introduce the concepts and 
notations from rough path theory that are necessary for our current problem. Sec- 
tions 3 and 4 are devoted to the proof of the main theorem. In section 5, we come 
back to the example mentioned in the motivation, and explain how our estimates 
apply to this problem. 

Acknowledgements. W. Xu wishes to thank Peter Friz and Sebastian Riedel for 
helpful discussions, and for their hospitality during his visit to Berlin. 



2 Elements from rough path theory 

In this section, we introduce some concepts and notations from rough path theory 
that are needed for the current problem. 

Fix the time interval [0,1]. For any < s < t < 1, write A s j = {(ui,U2)\s < 
u\ < U2 < i}. In case (s,t) = (0,1), we will simply write A = Ao,i. For every 
integer N, write 

T N (R d ) = iei d e-e (R d )® N . 

If 7 : [0, 1] — > R d is a path of bounded variation, then the signature of 7 is defined 
by 

x s ^) = i + xl t + ... + xi t + ... , 

where 

J S<Ul< - <U n <t 

It is well known that X is a multiplicative functional, in the sense that for any 
s < u < t, we have 

X s , u (8> X u>t = X s>t - 

If we restrict to the truncated tensor (l,Xg t , • • • ,X™ t ), then it is a multiplicative 
functional in T n . 

Definition 2.1. A function oj : A — > IR + is a control if it is continuous in both 
entries, vanishes on the diagonal and superadditive in the sense that for all s < u < 
t, we have 

uj{s,u) + u(u,t) < co(s,t). 

Definition 2.2. Let X : A — >• T n be a multiplicative functional. We say X has 
finite p-variation controlled by uj with a constant j3 if for all < s < t < 1 and all 
k = 1, • • • , n, we have 

x k st <^ii. 

- 0(4)! 
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A p-rough path is a multiplicative functional in T^ p J with finite p- variation 
controlled by some u with a constant f3. Given a multiplicative functional in T n , it 
is natural to ask whether it has a multiplicative extension to T m for m > n. The 
following (Theorem 2.2.1. in [10]) answers it in affirmative provided it has finite 
p- variation controlled by some uj. 



Theorem 2.3. Suppose X : A — > T n is a multiplicative functional in T n with finite 
p-variation controlled by U) with constant (3, where n > \j>\ and 

P 



1-(|) p 



then for any m > n, X has a unique multiplicative extension to T m with finite 
p-variation controlled by uj with the same j3. 



3 Some preliminary lemmas 

We first introduce some notations. Let X st = (1, X] t ,--- , X r s \) G be a multi- 
plicative functional with finite p-variation controlled by u, where n > \p\. Define 

x S)t = (i,xl !tr .. ,x^ t ,o)eT^ +1 ). 

For any partition V = {s = uq < u\ < ■ ■ ■ < un-i < ujy = t}, define 

Jtf >t := X S>U1 ® • • • ® X UN _ ut G T^ n+1 \ 

The following lemma gives a construction of the unique multiplicative extension of 
X to higher degrees. It was proved in Theorem 2.2.1. in [10] . 



Lemma 3.1. Let X = (l,Xg t , ■ ■ ■ ,X" t ) be a multiplicative functional in T^ n \ Let 
V = {s = uq < • • • < un = t} be any parition of (s,t), and V 3 be the partition of 
(s,t) obtained by removing Uj from V . Then, 

n 

Kx - = (°> • • • . °« E x u^ 3 ® J^S"? ) e . 

k=l 

Suppose further that X has finite p-variation controlled by oj, and n > \p\. Then, 
the limit 

lim EeT< n+1 ) 
[|P|Ko s '* 

exists. Furthermore, it is the unique multiplicative extension of X to 2 1 ( n + 1 ) ; and 
is also controlled by uj. 



Definition 3.2. A partition V is a K -dyadic partition of (s,t) with respect to the 
control uj if 

V = {s = Uo < U\ < ■ ■ ■ < u 2 k_ 1 < u 2 k = t}, 
and for all j = 1, 3, 5, • • • , 2 K — 1, we have 

Uj(Uj-l,Uj) = U)(Uj,Uj + l). 
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Definition 3.3. A partition V is a total K-dyadic partition of [s,t] with respect to 
the control ui if for each m = 0, 1, 2, • • • ,K, the subpartition 

Vx-m = {s = Uo < 1i2"> < 1i2™.2 < • • • < U 2 m. 2 K-m = t} 

is a (K — m)-dyadic partition of [s,t] with respect to uj. 

Lemma 3.4. Let cj : A — > R + be a control. For any interval [s,t], for each integer 
K, there exists a unique total K-dyadic partition Vk of [s,t] with respect to uj. 
Furthermore, Vk+i can be obtained from Vk by inserting one single point between 
every two consecutive points in Vk i- n a unique manner. 

Proof. Since uj is continuous and strictly monotone in both variables, there exists 
a unique point u G (s, t) such that 

uj(s, u) = uj(u, t). 

Thus, V\ = {s < u < t} is the unique total 1-dyadic partition. Suppose 

Vk = {s = uo < ui < ■ ■ ■ < u 2 k_i < u 2 k = t} 

is the unique total iT-dyadic partition of [s,t] with respect to uj. Then, for every 
Uj < uj + i G Vk, there exists a unique point Vj + \ £ (itj,Uj+i) such that 

U)(Uj,Vj+{) = uj(v j + 1 ,u j + 1 ). 

Thus, 

Vk+i = {s = uo < v\ < U\ < ■ ■ ■ < U 2 k_i < v 2 k < u 2 k = t} 
is the desired unique total dyadic- K partition of (s,i) with respect to uj. □ 

The next lemma is crucial for our estimates. It was first proved in [TU] with a 
constant -y on the left hand side. Recently, Hara and Hino improved it to - in [9]. 

Lemma 3.5. (Neo-classical inequality) Let p > 1, and define x\ := T(x+ 1). Then 
for any x, y G R, we have 

XI — n—k n 

ly\ xp y p ^(x + y) p 



Lemma 3.6. Let X, Y be two multiplicative functionals with finite p-variation both 
controlled by uj with the same constant (3. Suppose further that there is an e < 1 
such that 



^s,t 1 s,t 



< e 



k-S 

uj(s,t) P 

dip 



for each k = 1, 2, • • ■ ,n, where n > \jp\, and 5 G [0, 1] . Then, we have 
ep 



< min 



n+l 

2p+S 1 n + l-p-S n + l-S 1 n+l - 1 2V0J (s , t ) P 

2 p ( w ) p u(s,t) p , (—) p 



■2 K 



for all K = 0,1,2, 
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Proof. For any partition V = {s = uq < ■ ■ ■ < Uj < ■ ■ ■ < = t}, let V 3 be the 
partition with the point Uj removed from V. By Lemma 13,14 we have 



V vV 3 \n+l 



V 3 \n+l 



El r>k ^ yn+l—k , yk <^ Tjn+l—k , j->fc ^> nn+l-t -i 



fc=l 



where 



Thus, we have 

(Kt - y s v t) n+1 



< 



+ 



Rs,t — Y s t — X s t- 



fY"P j vT j \n+l , / yV yV j \n+l (vV \rV 3 \n+l 



( X T,t - Y]^ t ) n + 1 || + ( || Ruj^Uj ® ^U^Uj + l 

fc=l 



liV = Vk+i and Uj € P/r+i — Pr-, then 



1 



Thus, for the first term in the above bracket, we have 



k=l 



k=l 



/3(f)! 



i+l-S 



n+1 



< 



1 



i 1 n + 1-,5 n + 1-,5 



The same bound holds for the second term. For the third term, note that \\R\\ < 
||X|| + \\Y\\, thus twice of the previous bound works. By combining bounds for the 
three terms above, we have 



< 



^-p 3 -V 3 

(X f +1 — y t K+1 ) n+ 



2p+S 



+ 



ep ■ 2 p 



i 



bj(s, t) 



n + l- 
P 



where Uj is any point in Vk+i — Vk- By successively dropping the 2 points in 
Vk+i — Vk, w e have 



(x^ 1 -yZ k+ T +1 < {xZ«-yZ k Y +1 



2p+S 

ep ■ 2 p / 1 x "+i-p-<? n+i-g 
+ ^txttt(7Tf) p p • 



/3 2 (^±I)! V 2 ^' 



(14) 



On the other hand, we have the bound 



(xir'-x^r 1 ) 



K+l \n+l 



k 



k=l 



< 



P 



n+1 



[—u(s,t)] p , 
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and the same bound holds for Y . Thus, we have 

(x^f + 1 - iff +T +1 



(X K+1 — Y K+1 y i +i 



2p r 1 , ,-,11+1 

+ ^,:,^. [^( s ,t)] *> 



Again, by successively dropping the 2 K points in Vk+i — Vk-, we get 



n+l 



< 



(Xff-Y^) n+1 



I ( 1 ^-i 2MM) ? (15) 



Combining ()14p and (|15p . we conclude the lemma. 



□ 



4 Proof of Theorem 11.1 



Proof. We fix s < t. If e > 2uj(s,t)p, then ((JJ) automatically implies the theorem. 

a 

So we may assume without loss of generality that e < 2oj(s,t)p . In what follows, 
we let N to be the unique integer such that 



1 w(s,t)]* < | < [«jv=iw(a,t)]J. 



L 2 W 



(16) 



Case 1. 5 € [0,1 - {p}). 

In this situation, we prove © directly by induction. Suppose the theorem holds 
for k = 1, 2, • • • , n, where n > [p\. Then, by Lemma 13.61 we have 



{^X Pk + 1 _ y' PK + 1 y n + 1 



< 



Vk _ \rVK\n-\-\ 
s,t 1 s.t J 



2p+S 

ep ■ 2 P / 1 x n + 1 -P- s n+l-S 



and by construction of multiplicative functionals, we have 



I y n + 1 _ v n + 1 1 
r^s,t I s,t 



-too , 

K=0 v 



s.t s,t ) 



(&-YTn n+1 



2p+S 



2 p p 



(«.*)£ (2*) p 

K=0 



< e 



n + l-8 

u(s,t) P 



where the last inequality holds because n + l — p — 5 > and (3 satisfies 



Case 2. 5 = 1- {p}. 
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We first prove (jlip for level \p\ +1, and after that we can do induction. Applying 
Lemma |3, 61 to n + 1 = + 1, we get 



N-l 



V>'PjvN,n+I 



f Y' N v 1 - 



< 



gpjV 2p+l-{p> 



E [\\(K? +1 - y ~ 



rrr-2 ? -cj(s,t). 



s,t 



Note that 2 N ~ 1 < 2 lJ M u(s,t)/e lJ M , we have 



~Pn \>Pjv\n+l 



<p-2" 



2p+l-{p} 



6 1 + 



i-M 



+ log 2 



(1-W)/P / /32(n±l)!" 

^ " (17) 



On the other hand, Lemma 13.61 also implies that 

+ 00 / 

E ||(<f +1 -t? +1 ) n+1 || - \\(Kt-Kt K ) n 

K=N ^ 

Using < (f ) 1_{p} /u(s,t), we have 

+oo / 

E ( (* 



n+1 _L./>n 



K=N 



K + i\n 
1 s.t 



l A s,t - *s,t ) 



< 



2pe 



u(s, t) 



(18) 



Combining (fIQ |) . ([T7^ and (HI]), we get 



\^S,t 1 S,t\ 



I v'Pn _ \^Tn *• 



<e 1 + 



1 s 

p 



+ E (Kt +1 -K t K+1 



K=N 

u(s,t) \ uj(s,t) 

+10g 2 e (l-{ P })/ Py ) /3( n±l )! - 



(y'k \rPh 



Replacing log 2 w(s,t) by log 2 w(0, 1), we have proved (fTT]) for level [pj + 1- The 
remaining can be proved by induction. Suppose (fTTj) holds for k = [p\ + 1, ■ • • , n, 
then by breaking the sum into parts 1, • • • [p\ and [p\ + 1, • • • n, we have 



fc=i 



< 



i-{p> 



l + ^W + log 2 p 



^2(a±i j| y ^ — \jp\ e ( 1 "W)/P / L 2^ 



Uj — \,Uj ^ Uj + l 



and ELi 



nfc jo, ort+1 — fc 



and similar bounds hold for Y^=i 

Thus, same as before, by successively dropping the 2 K points in Vr+i — Vki we 
get 



(X^ K + 1 _y^A'+iyn+l 



w(0,l) \ 



i-{p> . 

4ep-2 p / p , w(0, 1) \ , , »+M . 1 "-LpJ 

-^^l 1 + r^ +log2 ^wwJ w(s '^ p ( 2^ } p 
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Since now the exponent - ^ > 0, by summing over K from to +00, we conclude 
that 



n + {p} 

•' ll <e ^ 1 + r^M +log2 e (i-M)/ P J /?(«+!)! 



i-{p> . 1 

as long as /3 > 4p ■ 2 p /[l — (| )p], which clearly satisfies (fTU|) . Thus, we have 
completed the induction, and proved (llip for all k > . 



Case 3. 5 G (1 - M,l]. 



This is possible only if p is non-integer. The proof is similar to the case 5 
1 — {p}. In this case, applying Lemma 13.61 to n + 1 = [p\ + 1, we have 



Pn _ v'PN\n+l 
s,t 2 s,t ) 



< 



< 



ep 







2p+.5 

•2 p >u 



jV-1 

n + 1 — <5 ^ — ^ K_ 

( S ,t) v j2 2p 



K=0 



ep 



2p+S 5-l+{p} 



n+1-6 N 



■ [2 p /(2 p - 1)] • w(s,t) p -2p 



By using the second inequality in ([7]), we have 



"Pat _ y-Pjv^n+l 



s.t 



r) 3 P +S 1 5-1+M l-{p} 

< ^Eiyy ' I 2 "/ 1 " (3)^"] • —"M- (19) 



On the other hand, similar to the previous case, we have 

+00 



n-f-1 i ^ 



+1 



< 



2pe « 



Hp] 



cj(s, t) 
(20) 



K=N ^ 

Using the first inequality in 0, we get 

+00 / 

£ ||(<f +1 -n? +1 ) n+1 - (Kt-YTir . 

X=iV v J 1-(|) p 

Combining flTJ), (JTSJ) and Q20J) we get 

I, n+X _ n+ l|, l^iPi U(8,t) v 
\\^s,t X s,t || e • ' 



where n = [p\ + 1. For k > \_p\ + 2, we can apply the same induction procedure as 
in the previous case. Thus, we prove (|13|) for all k > \p\ + 1. 

□ 
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5 An application 



We now explain briefly how our estimates apply to the problem mentioned in the 
introduction (see equations and (HJ) and assumption KSJ)). Since A is a linear 
map, the solutions can be written as 



+00 „ 
x t = ^2 A* n x / dj Ul ■ ■ ■ dj Ut , 

n —Q J0<Ul<---<U n <t 



and 



+00 „ 

^2 A* n y / dj Ul ■ ■ ■ d% t , 

„_n J0<Ul<~-<Un<t 



yt = 

n=0 

Let X and Y denote the signatures of 7 and 7, then Theorem 11.11 implies that 

\\Kt ~ Y%\\ < <1 + l°g 2 7) • { ^ , Vn > 2, (21) 

where C < w(0, 1) is a generic constant. Let x Sj t = xt — x s and = yt — y s , then 
we have 

+00 

|x M -y s , t |<^||A|r||^ t -F«|| 

n=0 

< mii • \\xi ti - Y s ] t \\ + g pir e (i + i og2 c ^ t)n_1 



n=2 



/9(n-l)! 



< 2 || A|| min{e,a;(s, t)} + e(l + log 2 -)l3.( e \ A \\ u M - 1). 

e P 

In particular, the difference of the two solutions \xt — yt\ are of order e up to a 
logarithmic correction, uniformly in t £ [0, 1]. 
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